Abstract-Linear codes with a few weights have applications in consumer electronics, communication, data storage system, secret sharing, authentication codes, association schemes, and strongly regular graphs. This paper first generalizes the method of constructing two-weight and three-weight linear codes of Ding et al. 
Linear codes can be applied in consumer electronics, communication and data storage system. Linear codes with few weights are of important in secret sharing [4] , [31] , authentication codes [13] , association schemes [1] and strongly regular graphs [2] .
Let F q be the finite field with q elements, F × q be the multiplicative group of Note that by the choice of D or F(x) many linear codes can be constructed [6] , [10] [11] [12] , [29] , [30] . Ding [8] presented a survey on recent results on constructing binary linear codes with this method from Boolean functions and proposed some open problems on this construction of binary linear codes. From a different construction, Mesnager [28] presented a new class of linear p-ary codes with few weights from weakly regular bent functions. Ding [7] , Ding and Ding [9] , and Zhou et al. [33] constructed some classes of two-weight and three-weight linear codes. Ding and Ding [9] presented the weight distribution of C D for the case F(x) = x 2 and proposed an open problem on how to determine the weight distribution of C D for general planar functions F(x). Zhou et al. [33] gave the weight distribution of C D for quadratic bent functions F (x) .
In this paper, we consider linear codes with two or three weights from weakly regular bent functions. First, we generalize the method of constructing two-weight and three-weight linear codes of Ding and Ding [9] and Zhou et al. [33] to general weakly regular bent functions. The weight distributions of these linear codes are determined by the theory of cyclotomic fields. Accordingly, we solve the open problem of Ding and Ding [9] . Further, by choosing the defining sets different from those in [9] and [33] , we construct new linear codes with two or three weights and present their weight distributions. The weight distributions of linear codes constructed in this paper are completely determined by the sign of the Walsh transform of weakly regular bent functions.
This paper is organized as follows: Section II introduces cyclotomic fields, weakly regular bent functions and certain exponential sums. Section III generalizes the method of Ding et al. and Zhou et al. to general weakly regular bent functions and determines the weight distributions of these 0018-9448 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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linear codes. Section IV constructs new classes of two-weight and three-weight linear codes. Section V determines the sign of the Walsh transform of some weakly regular bent functions. Section VI makes a conclusion.
II. PRELIMINARIES In this section, we state some basic results on cyclotomic fields, weakly regular bent functions and their related exponential sums, which will be used to prove our main results in the sequel. We begin this section by fixing some notations which will be used throughout this paper.
• Z is the rational integer ring and Q is the rational field;
is the p-th complex root of unity;
• η and η 0 are the quadratic characters of F × q and F × p , repsectively;
• SQ and NSQ denote the set of all squares and nonsquares in F × p , respectively.
A. Cyclotomic Field Q(ζ p )
In this subsection, we shall introduce some basic facts on cyclotomic field Q(ζ p ) which will be used to calculate the weight distributions of the proposed linear codes in the sequel. For more information on cyclotomic field, the reader is referred to [21] .
Lemma 1 [21] : Let K = Q(ζ p ) be the p-th cyclotomic field over Q. Then we have
(1) The ring of integers in
The field extension K /Q is Galois of degree p − 1 and the Galois group Gal(K /Q) = {σ a : a ∈ F × }, where the automorphism σ a of K is defined by
which will be frequently used to prove our results.
B. Weakly Regular Bent Functions
Let f (x) be a function from F q to F p (q = p m ), the Walsh transform of f at a point β ∈ F q is defined by
The function f (x) is said to be a p-ary bent function,
. It turns out in [18] and [20] that a weakly regular bent function
where ε = ±1 is called the sign of the Walsh Transform of f (x). From Equation (2), for any weakly regular bent function f (x), we have
The dual of a weakly regular bent function is also weakly regular bent and
More results on weakly regular bent functions can be found in [14] , [16] , [18] [19] [20] , and [24] .
The study of bent functions has been an interesting research topic in these decades. One class of bent functions is derived from planar functions. A function F(x) from F q to F q is said to be planar if
for any a ∈ F × q and b ∈ F q . A simple example of planar functions is the square function F(x) = x 2 . Almost all known planar functions are quadratic functions [3] , i.e., [15] , [16] , where
It is still open whether the derived p-ary function from any planar function is weakly regular bent or not.
Let RF be the set of p-ary weakly regular bent functions with the following two properties:
for any a ∈ F × p and x ∈ F q , where h is a positive even integer with gcd(h − 1, p − 1) = 1.
Note that RF contains all known weakly regular bent functions, to the best of knowledge. The following lemmas will be used to prove that the dual of the weakly bent function in RF also belongs to RF.
Proof:
where λ ∈ Z. This implies
According to
This completes the proof.
Lemma 3 [27] :
Proof: Since f (x) ∈ RF , then there exists an integer h satisfying gcd(h − 1, p − 1) = 1 and f (ax) = a h f (x). Notice that h is even due to p is odd. Then we have f (−x) = f (x). Let {P + , P − } be a partition of F × q such that P − = {−x :
Then by Lemma 2, we have f
If m is odd, applying Lemma 3 for m = 1 and a = 1, we
Hence, we have
Again by Lemma 2, we have f * (0) = 0. This completes the proof.
where in the third identity we used the facts f (a s x) = a hs f (x) and a hs = a l , and in the four identity we used the fact that σ a is a field isomorphism in Q(ζ p ). This means that f * (aβ) = a l f * (β) for any a ∈ F × p and β ∈ F q , which completes the proof.
Note that the dual of a weakly regular bent function is also weakly regular bent. Propositions 4 and 5 implies that f * ∈ RF for any f ∈ RF.
C. Exponential Sums From Weakly Regular Bent Functions
In this subsection, we preset some results on exponential sums related to weakly regular bent functions, which will be used to determine the parameters as well as the weight distributions of linear codes from weakly regular bent functions.
Lemma 6 [27] : With notations as above, we have (1)
Then we have the following.
(1) If m is even, then
Proof: According to the definition of N f (a), we have
which can be expressed as
When a = 0, one gets
which together with Lemma 6 implies that
Again by Lemma 6, if m is even, then one gets
If m is odd, then one obtains
, and f * be the dual of f (x). Then we have the following.
The result then follows from Lemma 7. This completes the proof.
Proof: According to the definition and Equation (1), we have
The conclusion then follows from the parity of m and Lemma 6.
Proof: For simplicity, denote
Then we have
For any f (x) ∈ RF, according to Proposition 5, there exists an even integer l such that f * (zβ) = z l f * (β) for any z ∈ F × p and β ∈ F q . This together with Equation (1) implies that
When m is even, we immediately have
√ p * m due to Lemma 6. When m is odd, then one has
where the second and the third identities follow from Lemma 6 and Equation (1). This completes the proof.
(2) If m is odd, then
where
Proof: According to the definition, it is easy to verify that
Then the desired results directly follow from Lemma 9 and Lemma 10. This completes the proof.
Lemma 12:
where ε is the sign of the Walsh transform of f (x).
Proof: Note that f (x) ∈ RF. By Proposition 4, we have f * (0) = 0, where f * is the dual of f . It then follows from Lemma 6 and Equation (1) that
Lemma 13:
Proof: Let A = y,z∈F
. Then, by the same technique used in the proof of Lemma 10, it can be readily verified that
Since f (x) ∈ RF, there exists an even integer l such that f * (zβ) = z l f * (β) due to Proposition 5. This together with Equation (1) implies that
since y 2 z l runs through all squares in F × p when y ranges over F × p for any fixed z ∈ F × p . Hence, we arrive at
Then, the result follows directly from Lemma 3. Lemma 14: Let f (x) ∈ RF and β ∈ F × q . Let (1) If m is even, then
Proof: Let
Note that
and by Lemma 3 we have
Then, according to the definition, one obtains
where N f,β = #{x ∈ F q : f (x) = 0, Tr m 1 (βx) = 0}. On the other hand, expanding the expression of A, we have
In what follows we only give the proof for even m, the case for odd m can be completely proved in the same manner. When m is even, by Lemmas 12 and 13, we have
When f * (β) ∈ NSQ, this together with Lemma 11, Equation (5) When f * (β) ∈ SQ or f * (β) = 0, one can prove the results in the same manner. This completes the proof.
III. THE WEIGHT DISTRIBUTIONS OF LINEAR CODES FROM WEAKLY REGULAR BENT FUNCTIONS
In this section, we generalize the construction method of linear codes with few weights by Ding [7] and Ding and Ding [9] to general weakly regular bent functions and determine the weight distributions of the corresponding linear codes.
Let f (x) be a p-ary function from F q to F p . Define
, it is difficult to determine the weight distribution of C D f . However, for some special function f (x), this problem can be settled. Ding and Ding [9] Table I .
Proof: The conclusion follows from Lemmas 7 and 11. Table II .
Proof: The result follows from Lemmas 7 and 11. 
IV. NEW TWO-WEIGHT AND THREE-WEIGHT LINEAR CODES FROM WEAKLY REGULAR BENT FUNCTIONS
In this section, by choosing defining sets different from those in Section III, we construct new linear codes with two or three weights and determine their weight distributions. Define Table V .
The conclusion follows directly from Lemmas 7 and 14. Table VI .
The conclusion follows directly from Lemmas 7 and 14. Table VII .
The conclusion follows directly from Lemmas 7 and 14.
Example 26 [15, 4, 9] and the same weight enumerator 1 + 50z 9 + 30z 12 , which is verified by the Magma program. This code is optimal due to the Griesmer bound. [12, 4, 6] and the same weight enumerator 1 + 24z 6 + 56z 9 , which is verified by the Magma program. This code is optimal due to the Griesmer bound.
Corollary 31: Let m be odd and f (x) ∈ RF with the sign ε of the Walsh transform. Then C D f,nsq is a three-weight (x) ) is a bent function for any nonzero c ∈ F p m . This is another approach of constructions of bent functions. However, the construction of planar functions is a hard problem and until now there are only few known such functions (see [32] 
In 2009, Helleseth et al. in [16] proved that the bent function f (x) defined by Equation (11) is weakly regular bent according to Stickelberger's theorem and they did not discussed its dual. For f (x) defined by Equation (11) (11) can be obtained.
VI. CONCLUDING REMARKS
In this paper, we constructed linear codes with two or three weights from weakly regular bent functions. We first generalized the constructions of Ding and Ding [9] and Zhou et al. [33] and determined the weight distributions of these linear codes. We solved the open problem proposed by Ding and Ding [9] .
Further, by choosing defining sets different from earlier ones in [9] and [33] , we obtained new linear codes with two weights or three weights from weakly regular bent functions, which contain some optimal linear codes with parameters meeting certain bound on linear codes. The weight distributions of these codes were determined by the sign of the Walsh transform of weakly regular bent functions. The two-weight codes in this paper can be used in strongly regular graphs with the method in [2] , and the three-weight codes in this paper can give association schemes introduced in [1] . It would be interesting to study the linear codes with few weights and good parameters from other functions with high nonlinearity.
